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, Abstract. Let H and K be locally compact groups and also r : H Aut{K) be a continuous homomorphism and 

Gt = H Xr K he the semi-direct product of H and K with respect to the continuous homomorphism r. This paper 
presents a novel approach to the Fourier analysis of Gt, when K is abelian. We define the r-dual group of G-r as 
the semi-direct product H K, where t : H ^ Aut(K) defined via JsTTJl. We prove a Ponterjagin duality Theorem 
and also we study r-Fourier transforms on Gt ■ As a concrete application we show that how these techniques apply for 
the affine group and also we compute the r-dual group of Euclidean groups and the Weyl-Heisenberg groups. 



< 



1. Introduction 



Theory of Fourier analysis is the basic and fundamental step to extend the approximation theory on algebraic 
structures. Classical Fourier analysis on R" and also it's standard extension for locally compact abelian groups play 
I I an important role in approximation theory and also time-frequency analysis. For more on this topics we refer the 
^ ' readers to [3] or [4]. Passing through the harmonic analysis of abelian groups to the harmonic analysis of non- 
' abelian groups we loose many concepts of Fourier analysis on locally compact abelian groups. If we assume that G is 
unimodular and type I locally compact group, then still Fourier analysis on G can be used. Theory of Fourier analysis 
^ I on non-abelian, unimodular and type I groups was completely studied by Lipsman in [9] and also Dixmier in [2] or [8]. 

Although theory of standard non-abelian Fourier analysis is a strong theory but it is not numerical computable, so 
' ^ it is not an appropriate tools in the view points of time-frequency analysis or physics and engineering applications. 
This lake persists us to have a new approach to the theory of Fourier analysis on non-abelian groups. 
I [ Many non-abelian groups which play important roles in general theory of time-frequency analysis or mathematical 
' physics such as the affine group or Heisenberg group can be considered as a semi-direct products of some locally 
. ^ ' compact groups H and K with respect to a continuous homomorphism t : H Aut{K) in which K is abelain. 

In this paper which contains 5 sections, section 2 devoted to fix notations and also a summary of harmonic analysis 
H I on locally compact groups and semi-direct product of locally compact groups H and K with respect to the continuous 
■ - - ' homomorphism t : H ^ Aut{K). In section 3 we assume that K is abelian and also we define the r-dual group Gf of 
Gt = H KtK as the semi direct products of H and K with respect to the continuous homomorphism t : H ^ Aut{K), 
where Th{uj) :— lu o r^j-i. It is also shown that the r-dual group G~ of Gf = H K and Gt are isomorphic, which 
can be considered as a generalization of the Ponterjagin duality Theorem. 

In the sequel, in section 4 we define r-Fourier transform of / g L^{Gt) and we study it's basic L^-properties such 
as the Plancherel theorem. We also prove an inversion formula for the r-Fourier transform. 

As well as, finally in section 5 as examples we show that how this extension techniques can be used for various types 
of semi-direct products of group such as the affine group, the Euclidean groups and the Weyl-Heisenberg groups. 
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2. Preliminaries and notations 

Let H and K be locally compact groups with identity elements en and ck respectively and left Haar measures 
dh and dk respectively and also let t : — > Aut[K) be a homomorphism such that the map {h,k) i— > Th[k) from 
H X K onto K be continuous, where Aut{K) is the group of all topological group automorphisms of K onto K. There 
is a natural topology, sometimes called Braconnier topology, turning Aut(K) into a Hausdorff topological group(not 
necessarily locally compact), which is defined by the sub-base of identity neighbourhoods 

(2.1) 13{F,U) = {ae Aut{K) : a{k),a-\k) eUk^ke F}, 

where F C K is compact and C/ C if is an identity neighbourhood and also continuity of a homomorphism t : H ^ 
Aut{K) is equivalent to the continuity of the map {h,k) i— >■ Th{k) from H x K onto K (see [7]). The semi-direct 
product Gt = H Kr K is a. locally compact topological group with underlying set H x K which equipped with product 
topology and group operation is defined by 

(2.2) {h,k)Kr{h',k'):^{hh',kTh{k')) and (/i, fc)-^ (/i~\ r^-i (fc-^)). 

If Hi := {{h,eK) ■ h G H} and Ki :— {{eH,k) : k e K}, then Ki is a closed normal subgroup and Hi is a closed 
subgroup of Gr- The left Haar measure of Gr is d^G^{h,k) — 5{h)dhdk and also Ag^(/i, fc) = (5(/i)A/f (/i)Ax(fc), 
where the positive and continuous homomorphism 5 : iJ — )■ (0, oo) is given by (Theorem 15.29 of fS|) 

(2.3) dk^S{h)d{Th{k)). 

From now on, for all p > 1 we denote by U'{Gt) the Banach space LP{Gr, Mg^) and also LP{K) stands for LP{K, dk). 
When / G LP{Gr), for a.e. h ^ H the function fh defined on K via fh{k) := f{h, k) belongs to LP{K) (see [4]). 

If ii' is a locally compact abelian group, due to Corollary 3.6 of [3 all irreducible representations of K are one- 
dimensional. Thus, if TT be an irreducible unitary representation of K we have — C and also according to the 
Shur's Lemma, there exists a continuous homomorphism lo oi K into the circle group T such that for each k G K 
and z G C we have 7r(fc)(z) — uj{k)z. Such continuous homomorphisms are called characters of K and the set of all 
characters of K denoted by K. If K equipped by the topology of compact convergence on K which coincides with 
the -topology that K inherits as a subset of L°°{K), then K with respect to the dot product of characters is a 
locally compact abelian group which is called the dual group of K. The linear map Tk ■ L^{K) C{K) defined by 
V I— i> Fk{v) via 

(2.4) J'K{v){uj)^v{io)^ I v{k)ZAk)dk, 

J K 

is called the Fourier transform on K . It is a norm-decreasing ^-homomorphism from L^{K) to Co{K) with a uniformly 
dense range in Co(if) (Proposition 4.13 of f^). If G L^{K), the function defined a.e. on K by 

(2.5) 4>{x) = / (t>{uj)uj{x)duj, 

J K 

belongs to L°°{K) and also for all / G L^{K) we have the following orthogonality relation (Parseval formula); 

(2.6) / f{k)4>{k)dk^ [ J{uj)li^duj. 

Jk Jit 

The Fourier transform (j2.4p on L^{K) H L'^{K) is an isometric and it extends uniquely to a unitary isomorphism 
from L'^{K) to L'^{K) (Theorem 4.25 of |3j) and also each v G L^{K) with v G L^(K) satisfies the following Fourier 
inversion formula (Theorem 4.32 of [3]); 

(2.7) v{k) = / v{u})uj{k)duj for a.e. k e K. 

Jk 
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3. T-Dual group 

We recall that for a locally compact non-abelian group G, the standard dual space G is defined as the set of 
all unitary equivalence classes of all irreducible unitary representations of G. There is a topology on G called Fell 
topology. But G with respect to the Fell topology is not a locally compact group in general setting (see [3). On the 
other hand elements of G are equivalence classes of irreducible unitary representations of G and so from computational 
view points there are not numerical applicable. In this section we associate to any semi-direct product group H K 
with K abelian, a r-dual structure (group) which is actually a locally compact group. 

Let iJ be a locally compact group and K he a locally compact abelian group also let r : — > Aut{K) be a 
continuous homomorphism and Gt = H t<T K. For a\\ h E H and uj G K define the action H x K ^ K via 

(3.1) U^-.^UJO Tf,-1, 

where uJh{k) — a;(r/i-i(fc)) for all fc G i^. li oj E K and h H we have Uh £ K, because for all k,s G K we have 

UJh{ks) — LJ O T/j-1 (fcs) 

= ^{Th-i{ks)) 

= ^{Th-^{k)Th-l{s)) 

= w(T,j-i(fc))cj(T,j-i(s)) = UJh{k)uJh{s)- 

In the following proposition we find a suitable relation about the Plancherel measure of K and also the action of 
H on k due to (lO). 



Proposition 3.1. Let K he an abelian group and t : H Aut(K) be a continuous homomorphism. The Plancherel 
measure duj on K for all h G H satisfies 

(3.2) dwh = 6{h)duj, 

where (5 : iJ — > (0, oo) is the positive continuous homomorphism given by dk = 5{h)dTh{k). 

Proof. Let h E H and also v e L^{K). Using (|2.3|) we have voTh e L^{K) with ||wor;i||ii(x) — S{h)\\v\\]^li^x)^ because 



\\v°Th\\L^(K)^ / \voTh{k)\dk 



K 

v{Th{k))\dk 
K 



Hk)\dTh-^{k) 



K 



S{h) / \v{k)\dk ^ S{h)\\vU^^J,y 



K 



Thus, for all uj E K we achieve 



V o Th{ijj) — / v{Th{k))uj{k)dk 



K 



v{k)ijjh{k)d{Th-i{k)) 



K 



5{h) / v{k)uh{k)dk ^ 5{h)v{ujh) 



K 
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Now let V £ L'^{K)r\L'^{K). According to the Plancherel theorem (Theorem 4.25 of [3j) and also preceding calculation, 
for a\\ h & H we get 

v{ijj)\'^dijJh = I \v{uj}i-i)\^du} 

K J K 

\2 



= 5{h) j |woT^-i(aj)| dui 

J K 

^5{hf [ \voTh-i{k)\^dk 
Jk 

= 5{hf j \v(k)\H{Th{k)) 

^S{h) [ \v{k)fdk^ [ \v{uj)\^6{h)du}, 
Jk Jk 

which implies p.2p . □ 

Now using the action defined in p.ip we define t : H ^ Aut{K) via h i-^Th, where 

(3.3) Th{uj) :^ujh^ujoT,^-i. 

According to p.3p for all h £ H we have r/j S Aut{K). Because, ii k G K and h ^ H then for all uj,ri £ K we have 

Th{uj.r]){k) = {LL>.r/)h{k) 

= i^-V) °Th-i{k) 

= ^-ViTh-^ik)) 

= ^{Th-^{k))-n{Th-i{k)) 

= ujh{k)rih{k) = Th{uj){k)Th{ri){k). 

Also h n> T/j is a homomorphism from H into Aut{K), cause it h,t E H then for all uj E K and also k E K we have 

Tth{uj){k) = ujth{k) 

= w(T(t^)-l(fc)) 
= ^{Th-^Tt-l{k)) 
= UJh{Tt-l{k)) 

= Th{uj){Tt-l{k)) =Tt[Th{bj)]{k). 

Thus, via an algebraic viewpoint we can consider the semi-direct product of H and K with respect to the homo- 
morphism T : H ^ Aut{K). Due to (|2.2p . r-dual group operation for all {h,uj), {t, rf) G = H Kif K \s 

(3.4) {h,Uj)Kf{t,T])^{ht,UJ.T]h)- 

Now we are in the position to prove the following fundamental theorem. 

Theorem 3.2. Let H and K be locally compact groups with K abelian, t : H ^ Aut{K) be a continuous homo- 
morphism and also let S : H ^ (0,oo) be the positive continuous homomorphism given via dk = S{h)dTfi{k). The 
homomorphism t : H ^ Aut(K) defined in i3.1\) is continuous and so that the semi-direct product H Kf K is a locally 
compact group with the left Haar measure d^Q^{h,ijj) = S{h)~^dhdu!. 

Proof. For a G Aut{K) let a G Aut{K) be given for all a; G -ftT by a(u!) := uj o where for all A: G if we have 
uj o oT^ik') = uj{a~^{k)). Due to Theorem 26.9 and also Theorem 26.5 of [5] the mapping ^ : Aut{K) — >■ Aut{K) 
defined by a i—)- a is a topological group isomorphism and so it is continuous. According to the following diagram 

(3.5) H 4 Aut{K) A Aut{K), 
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the homomorphism t : H ^ Aut{K) defined in (|3.1|) is continuous. Thus, the semi-direct product H \Kf K is a locally 
compact group and also Proposition 13. II shows that S{h)^^dhduj is a left Haar measure ior H K. □ 

The semi-direct product G? = H t<f K mentioned in Theorem 13.21 called the r-dual group of Gr = H Kt- K. 
The most important advantage of this definition as a kind of a dual space for semi direct product of locally compact 
groups is that its elements are numerical computable and also this dual space is merely a locally compact group. It 
is worthwhile to note that, when H is the identity group, the r-dual group of Gt = K coincides with the usual dual 
group K of K . When K is abelian locally compact group and t : H ^ Aut{K) is a continuous homomorphism, we 
call K as the Fourier factor of the semi-direct product Gr = H Kr K . 

Due to the Pontrjagin duality theorem (Theorem 4.31 of [3]), each k ^ K defines a character k on K via k{uj) = uj{k) 

and also the map fc H> fc is a topological group isomorphism from K onto K. Via the same method as introduced in 
p.lj) the f-dual group operation, for all (/i, k) and (t, s) in G~ — H K is 

(3.6) {h,k) {t,s) = {ht,k?h{s)), 
where t : H ^ Aut{K) is given by 

(3.7) Th{k){u>) ^ ujh-i{k), 
for all u! ^ K and {h, k) ^ Gr- Because, due to p.3|) we have 

Th{k){uj) = koTh-i{uj) 

= k{Th-i{uj)) 

= kiujh-^) = ^h-^{k)- 

In the sequel we prove a type of Pontrjagin duality theorem for r-dual group of semi direct product of groups. But 
first we prove a short lemma. 

Lemma 3.3. Let K be an abelian group and t : H ^ Aut{K) be a continuous homomorphism also let Gr = H Kr K . 
Then, for all (h, k) £ Gr we have 

(3.8) 7^)=f^(fc). 

Proof. Let {h, k) e Gr and also let uj K. Using duality notation and also (j3.7l) we have 

Th{k){uj) = U}{Th{k)) 
= UJ O Th{k) 

= W/i-l(fc) = Th{k){uj). 

□ 

Next theorem gives us a subtle topological group isomorphism form Gr onto G~. In fact, the next theorem can be 
considered as the Pontrjagin duality theorem for r-dual group of semi-direct product of groups. 

Theorem 3.4. Let H be a locally compact group, K be a locally compact abelian group and t : H ^ Aut(K) be a 
continuous homomorphism also let Gr = H Kr K . The map Q : Gr G~ defined by 

(3.9) {h,k)^^Q{h,k):^{h,k), 
is a topological group isomorphism. 
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Proof. First we show that is a homomorphism. Let (/i, fc), (t, s) in Gr- Since the map k t-^ k is a homomorphism 
and also using Lemma 13.31 we have 

&i{h,k) it,s)) = Q{ht,kTh{s)) 
= (ht, fc^)) 
= {ht,kTh{s)^ 
= {ht,kTh{s)^ 

= {h,k) K^{t,s)^e{h,k) K^e{t,s). 

Now using Pontrjagin Theorem (Theorem 4.31 of F31), the map fc i— >■ fc is a topological group isomorphism from K onto 
K which implies that the map Q is also a homeomorphism. Thus is a topological group isomorphism. □ 



Remark 3.5. From now on due to Theorem 13.41 we can identify with Gt via the topological group isomorphism Q 
defined in (|3.9p . More precisely, we may identify an element {h,k) E G^ with {h,k). 

4. r-Fourier transform 

In this section we study the r-Fourier analysis on the semi-direct product Gt ■ 
We define the r-Fourier transform of / G L^{Gr) for a.e. (hjUj) G Gt by 



(4.1) Mf){h,u) S{h)TK{fh){io) = S{h) / f{h,k)uj{k)dk. 

J K 

In the next theorem we prove a Parseval formula for the r-Fourier transform. 

Theorem 4.1. Let t : H ^ Aut{K) be a continuous homomorphism and Gt = H \Kt K with K abelian also let 
f G L^[Gt) and 5* G L^[Gf). Define the function g for a.e. {h,k) G Gt by 



(4.2) g{h,k) -.^ l^{h,uj)uj{k)duj 



K 



Then, J-Tif)h belongs to L°°{K) and g^ belongs to L°°{K) for a.e. h E H also we have the following orthogonality 
relations; 



(4.3) / 5{hr^f{h,k)g{h,k)dtiGAh,k)^ j J-,(/)(/i,u;)*(/i,w)dAiG,(/j,c^), 

JGr 



(4.4) / f{h,k)g{h,k)d^iGAh,k)^ 6{h)FT{f){h,^)^{h,uj)diJiGM^)- 

Proof Let / G ^^(Gr) and ^ G L^(G?). It is clear that for a.e. h e H we have J"r(/)/» e L°°iK) and gh € L°°{K). 
Using Parseval Theorem (|2.6p , we get 



(4.5) / fih,k)g{h,k)dk^ / J^Kifh)iuj)'fih,u)dLU. 

JK JK 



Thus by (14. 5[) we have 



Gt 



d{hy'f{h, k)g{h, k)dfiGT (K ^) = f^^> ^)9{.h, k)dk^ dh 



TK{fh){^^)'^{h,uj)duj] dh= / FT{f){h,uj)^{h,ijj)d^iG^{h,ijj). 

H \JK J JGt 

The same argument and also (|4.5p implies (|4.4p . □ 
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Due to gU), if / e L2(Gr) wc have fh e L'^{K) for a.e. he H. Thus, accordmg to Theorem 4.25 of [3 , Txifh) 
is weU-defined for a.e. h E H . Now, in the following theorem we show that the r-Fourier transform (I4.1|l is a unitary 
transform from L'^{Gr) onto L'^{Gf)- 

The next theorem can be considered as a Plancherel formula for the r-Fourier transform. 

Theorem 4.2. Let t : H ^ Aut{K) be a continuous homomorphism and Gr = H Kt-K with K abelian. The r-Fourier 
transform (^TTj) on L'^{Gr) is an isometric transform from L'^{Gr) onto L^{Gf). 

Proof. Let / G L'^{Gr)- Using Fubini's theorem and also Plancherel theorem (Theorem 4.25 of [3]) we have 

2 _ / IX-/ f\fh . ,M2, 



\J^K{fh){uj)\''du}j 6{h)dh 
\fh{k)\''dk\ S{h)dh 



H \JK 



H \JK 
H JK 

G 

2 



\f{h,k)Y5{h)dkdh 

\f{h,k)\'df,GAh,k)^\\f\\l,^G.y 



Therefore, the linear map / n> ^rif) is an isometric in the L^-norm. Now we show that, it is also surjective. Let 
(j> G L^{G^). Then, for a.e. h e H we have 4>h G Again using the Plancherel Theorem, there is a unique 

e L^iK) such that we have Fk{v^) = (t>h- Put f{h,k) 6{h)^'^v''-{k), then we have / G L'^{Gr)- Because, 

\f{h,k)\-'dfiGAh,k)^ f f \f{h,k)\H{h)dhdk 
Jh J k 



H \JK 



\v^{k)\^dkj 6{h)-^dh 
\J'Kiv''){uj)\^dio) 6{h)-^dh 

H \JK J 

\(t>h{uj)\'^duj] S{h)dh 

H \JK 



4>{h,uj)\ dfiGf{h,Uj) < 



oo. 



□ 



Also, for a.e. {h, uj) G Gf we have 

Tr{f){h,i0)=S{h)TK{fh){i0) 

= 0/1 (w) = 4>{h,uj). 

Now we can prove the following Fourier inversion theorem for the r-Fourier transform defined in (j4.ip . 

Theorem 4.3. Let t : H ^ Aut{K) be a continuous homomorphism and Gr = H K with K abelian also let 
f G L^(Gr) with J-rif) G L^(Gr). Then, for a.e. (h, k) G Gr we have the following reconstruction formula; 

(4.6) f{h, k) ^ 6{h)-^ [ Tr{f){h, uj)uj{k)dLo. 

JK 
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Proof. Let / e L^{Gr) with JV(/) e L^{Gr). Then, for a.e. h e H we have G L\K) and e ^H^l- Using 

Theorem 4.32 of 3^, for a.e. {h, k) £ Gt we have 

/ J^K{fh){ioMk)duj 

JR 

= 6{hy' f 5(h)TK{h){^)^{k)dLo = 6{h)-^ f Tr{f){h,Lo)uj{k)duj. 

JK JK 

□ 

We can also define the generalized r-Fourier transform of / G L^(Gt) for a.e. {h,Lu) € Gf by 
(4.7) HiDih,^) ■■= S{hf/^J^K{fh)M = S{hf/^ f f{h,k)^j;jk)dk. 



JK 

The fohowing Parseval formula for the generalized r-Fourier transform can be also proved. 

Theorem 4.4. Let t : H ^ Aut(K) be a continuous homomorphism and Gt = H Kt K with K abelian also let 
f € L^(Gr) and ^ G L^(Gr). Define the function g for a.e. {h, k) G Gr by 

(4.8) g{h,k):^ [ ■^{h,uj)ujh{k)du:. 

JK 

Then, J-^{f )h belongs to L°°{K) and gh belongs to L°°{K) for a.e. h E H also we have the following orthogonality 
relations; 

(4.9) / Sih)-'^^f{h,k)'i{hJjdfiGAh,k)^ f Tl{f){h,u)WJ^)d^iG,{Ku:), 



(4.10) / f{h,k)g{h,k)dfiGAh,k)^ S{h)^/^Tl{f){h,oj)^{h,uj)dfiGAh,^)- 

JG^ JGf 

Proof. It is easy to check that for a.e. h £ H, Tl{f)h belongs to L°°{K) and also gh belongs to L°°{K). Using 
Fubini's Theorem and also the standard Parseval formula ()2.6p for a.e. h £ H we get 



f{h,k)g{h,k)dk^ / f{h,k)\ / ^{h,uj)UJj:{k)duj]dk 

K JK \JK 



K \JK 



fh{k)LJj;{k)dk ■^{h,uj)duj 



hM'i'{h,uj)duj^S{h)-''/^ / PM){h,uj)-^{h,uj)dLj. 

K JK 



Now, we achieve 



Sih)-^^^f{h, k)g{h, k)dtiGAh, k) = i^J^ f{h, k)g{h, k)dk ] 5{hf'^dh 



Tl{f){h,u:)-^{h,uj)duj]5{h)-^dh^ / Fl{f){h,^)-^{h,u:)d^iGAh.^)- 

IH \J K J JGf 

The same method implies (I4.10p . □ 

If wc choose / in L'^{Gt), then for a.e. h E H we have //,. G L'^{K) and so that according to Theorem 4.25 of 
[3], J-K{fh) belongs to L'^{K). In the following theorem, we show that the generalized r-Fourier transform (|4.7p is a 
unitary transform from L^(Gr) onto L-^(G?). 

Theorem 4.5. Let t : H ^ Aut(K) be a continuous homomorphism and Gr = H tK-r K with K abelian. The 
generalized T-Fourier transform is an isometric transform from L'^{Gr) onto L'^{Gf). 
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Proof. Let / e L'^{Gt)- Due to Proposition 13. 11 Fubini's theorem and also Plancherel theorem (Theorem 4.25 of [3]) 
we have 

ll-^^(/)lli^(G.) = / \H{m,u:)\^d^,G,{Kk) 



H \JK 



H \JK 



H \JK 



\P^{f){h,uj)\^dkj 5{h)-^dh 

\FK{h){^)?du^ 5{h)dh 
\f{h,k)\'^dk\ 5{h)dh 

IH \JK J 

= I \f{hM^d^iGAh,k)^\\f\\l,f^a.y 

Now to show that the generahzed t- Fourier transform (|4.7p maps l?{Gr) onto 1?{G^)^ let (/) G l?(G^) be given. 
Then, for a.e. /i G 77 we have € l?(K') and so that there is unique € l?(K) with Fk{v'^'') = 4'h- Put 
f{h,k) = 5{h)-^/'^v^ oTh-i{k). Then we have / e L'^{Gr), because 

'g 



Ug.)= /„ \fih,k)\'d^,GAh,k) 

\f{h,k)\^dk) S{h)dh 



H \JK ) 

oTh-i{k)'^dk ) dh 



H \JK 

h „ ^ \t, ,M2 

H \JK 



H \JK 



\J'k{v'' oTh-i){uj)YdujJ dh 
\FK{v''){u,,-i)\''du^ S{h)-^dh 
\J^K{v''){io)\^dujh^ 5{h)-^dh 
\TK{v^){Lo)\'^dJ] 6{h)-^dh 



H \JK 



|0(/i,a;)p(iw ) 5{h)-^dh = 



2 

LHG^ 



Also, we have 



In the following we prove an inversion formula for the generalized r- Fourier transform defined in (j4.7p . 



□ 
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Theorem 4.6. Let t : H ^ Aut{K) be a continuous homomorphism and Gt = H Kr K with K abelian also let 
f G L^iGr) with -F^if) G L^{Gf). Then, for a.e. {h, k) g Gr we have the following reconstruction formula; 



(4.11) f{h,k)^S{h)-'/^ Fl{f){h,u:)ujh{k)duj. 

JK 

Proof. Let / G L'^{Gr) and also let G L^{Gr). Due to Proposition [HH for a.e. h^H we have 



\:FK{fh){u:h)\duo = \FK{fh){u:)\dL0h-^=5{h)-' |^A'(/h)M|rfc^. 

K JK JK 

Thus, for a.e. h e H we get J-K{fh) G L^(K). Now, using Theorem 4.32 of [3] and also Proposition 13.11 for a.e. 
{h,k) G Gr we achieve 



f{Kk)= j^FK{fh){^Mk)dw 

J^K{fh){<^h)t^h{k)duJh 



IK 

^ 6{h) lTK{fh){uJh)uJh{k)duj 

JK 

^5{h)-^'^ [ 5{hf/^FK{fh){uJh)uJh{k)duj^5{h)-^/^ [ Tl{f){h,uj)ujh{k)duj. 

JK JK 



□ 



5. Examples 

As an application we study the theory of r-Fourier transform for the affine group a.x + b. 

5.1. AfRne group ax + b. Let H = M.*^_ = (0, +oo) and K — M. The affine group ax + 6 is the semi direct product 
H Xr K with respect to the homomorphism t : H ^ Aut{K) given by a n- Ta, where Ta(b) = ah. Hence the underlying 
manifold of the affine group is (0, oo) x M and also the group law is 

(5.1) (a, b) tXr (a', b') = {aa', b + ab'). 

The continuous homomorphism 5 : H ^ (0, oo) is given by (5(a) = a^^ and so that the left Haar measure is in fact 
d^G^{a,b) = a^^dadb. Due to Theorem 4.5 of [3] we can identify M with R via uj{b) = {b,uj) = e^''*'^^ for each w G R 
and so we can consider the continuous homomorphism t : H ^ Aut{K) given by a i-^ via 

{b,Ta{uj)) = {b,Ua) 

= (T,-i(6),c.) = (a-i6,c.) = e2— 
Thus, T-dual group of the affine group again has the underlying manifold (0, oo) x R, with r-dual group law given by 

(5.2) (a, uj) \Kf {a ,0j') ~ {aa' , uj + uj'^) — {aa\uj + a^^uj'). 

Using Theorem 13. 2[ the left Haar measure d^G^io-i'^) of G? is precisely daduj. Now we recall that the standard dual 
space of the affine group which is precisely the set of all unitary irreducible representations of the affine group ax + b, 
are described via Theorem 6.42 of 3 and also Theorem 7.50 of [3] guarantee the following Plancherel formula; 



r /'+°°i/(«,&)p 



(5.3) II/(t+)||^s + II/(^-)IIhs= ' \/ ' dadb, 







for all measurable function / : (0, oo) x R — s> C satisfying 



oo p + oo I r ( L\|2 



(5.4) / / \i^^2p\Ldadb < oo. 
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Now let / : (0, oo) x M — )• C be a measurable function satisfying 

(5.5) r r^dad6<oo. 

Jo J-oo a 

Then, for a.e. (a,cj) G = iXyK the t- Fourier transform of / is given by (|4.ip via 

+00 



and also the following Plancherel formula for the r-Fourier transform holds 

\f{ci,b) 



00 p-\-oG poo p-\-oo I pf hW'^ 

2, 



(5.6) / / \Tr{f){a,uj)Ydaduj ^ / " ^ dadh. 

Jq J-oo Jo J-oo ^ 

Therefore, we have the following proposition. 

Proposition 5.1. Let f : (0, 00) x M — C be a measurable function satisfying |5./^[). Then, 



—00 J —00 



Proof. Using (j5.6p and also Fubini's theorem we have 



00 /' + OO /' + OO /' + OO /"/ J \ £{ n\ poo n-^OO 



— 00 J —00 J —00 



+ 00 

f{a,b)e-'^''"^-''db 



daduj 



poo /'+00 POO p+00 

/ / \Tr{f){a,iu)\^daduj = / / 

Jo J-oo Jo J-oo 



I^dadb. 



a 



Due to the reconstruction formula (j4.6p each measurable function / : (0, 00) x R ^ C satisfying (|5.5p with 

poo p-\-oo 

(5.8) / / \J'rif)ia,^^)\daduj < 00, 



satisfies the following reconstruction formula; 

^+00 

f{a,b)^5{a)-^ fa{^)e^^'''-'duj 



— 00 

/ I'+oo \ p+oo p-\-oo 

/ f{a,l3)e-^''''^^dl3] e'^''"^-''duj = / f{a,l3)e^''"^'^^-'^'>dpdw. 

\J —00 / J —00 'J-oo 



For a.e. (a, uj) S Gf = K+ i^r R and also each measurable function / : (0, 00) x R ^ C satisfying (|5.4p . the generalized 
r-Fourier transform of / is given by ()4.7p via 

THf){a,L0)^S{af/'fa{LOa) 

p+co r+co 

= a-3/2 / /(a,6)e-2^*"<' ''dfe = a-=^/M f(a,b)e-^'"'^^ ^db. 



According to Theorem 14.51 the generalized r-Fourier transform satisfies the following Plancherel formula; 

,00 ^+00 ^00 r+00 \ f(^a,b)\^ 



poo p-\-oo pOO p-\ 

(5.9) / / \Fl{f){a,Lo)\'dadio= / / 

Jo J-oo Jo J -I 



-dadb. 



Proposition 5.2. Let f : (0, cxd) x M — C be a measurable function satisfying |5./^[ ). Then, 



(5.10) r r r r ^^^^^e— . r r \-l^dadb. 



— 00 J —00 J —00 
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Proof. Using (|5.9p and also Fubini's theorem we have 

2 



OO /' + CXJ /' + 00 /' + 00 r/ 7 \ /»/ 0^ /"OO /' + 00 



dbd(3daduj = 

J —OO J —OO J —OO ^ 



+ 00 



daduj 



OO p-\-QO 



-27TiuJa-b 



f{a,b)e- 

J -OO 

CO p+oo pco f + oo I J-/ i\\2 



db 


daduj 






Jo 


J —OO 



\J^l{f){a,uj)\^daduj^ r I ^^-^^^^dadh. 

□ 

Due to the reconstruction formula (j4.1ip each measurable function / : (0, oo) x M — > C satisfying (|5.5p with 

/•OO /' + 00 

(5.11) / / \Tl{J){a, u))\dadu)< OO, 

Jo J -OO 

satisfies the following reconstruction formula; 



f + OO ^ 

5{a) I fa{iOa)^a{h)dLO 



-OO / /' + 00 



5{a) / / /(a,/3)e-^"""d/3 u;a(6)dw 



-OO /"-t-oo /"-t-oo p-\-oo 

-27riu^.(t3-b),r,,. ^ / ON -27ria;a-i(,3-6)^ 



f{a,P)e-'''"^--'-''-''>dpduj = / / /(a,^)e-'^*"'^ ^l'^"' dpdu. 

OO 'J —OO J —OO J —OO 

In the sequel we find the r-dual group of some other well-known semi-direct product groups. 

5.2. Euclidean groups. Let E{n) be the group of rigid motions of R", the group generated by rotations and trans- 
lations. If we put H — SO(n) and also K — R", then E{n) is the semi direct product of H and K with respect to 
the continuous homomorphism r : SO(n) Aut{W^) given by i— > Tq- via To-(x) ~ ax for all x G M". The group 
operation for E{n) is 

(5.12) (cr, x) K7. ((t', x') ~ {cr<j' , x + To.(x')) = (crcr', x + ctx'). 
Identifying ii' with M, the continuous homomorphism r : SO(n) Aut{K") is given by cr i—> tv via 

(x, w^) (x,f„(vif)) 

(r^-l(x),w) = (ff"^X,w) ^ e-2"('--'x,w) ^ ^-2m{a^.^) _ 

where (., .) stands for the standard inner product of M". Since H is compact we have d — 1 and so that dad:x. is a left 
Haar measure for E{n). Thus, the r-dual group of E{n) has underlying manifold SO(n) x R" with the group operation 

(5.13) (cr, w) (cr', vif') = (crcr', w + w^). 

5.3. The Weyl-Heisenberg group. Let iiT be a locally compact abelian (LCA) group with the Haar measure dk and 
K be the dual group of K with the Haar measure duj also T be the circle group and let the continuous homomorphism 
r : if — >■ Aut{K x T) via s Tj be given by 7-^(0;, z) = {oj, z.oj{s)). The semi-direct product Gr — K Kr {K x T) is 
called the Weyl-Heisenberg group associated with K which is usually denoted by M{K). The group operation for all 
{k,uj,z),{k',uj\z') e K Kr {K xT) is 

(5.14) {k,uj,z) Xr {k',uj',z') = {k + k' ,ujuj' , zz'uj' {k)). 
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If dz is the Haar measure of the circle group, then dkdujdz is a Haar measure for the Weyl-Heisenberg group and also 
the continuous homomorphism S : K ^ (0, oo) given in (|2.3p is the constant function 1. Thus, using Theorem 4.5 and 
also Proposition 4.6 of [3] and also Theorem 13.21 we can obtain the continuous homomorphism t : K Aut{K x Z) 
via s I—)- Ts, where % is given by Ts(fc, n) = {k, n) o t^-i for all {k,n) ^ K x Z and s ^ K. Due to Theorem 4.5 of [3], 
for each {k,n) £ K x Z and also for all (cj, z) £ K x T we have 

{{uj,z),{k,n)s) = {{oj,z),Ts{k,n)) 

= {ts-^{^,z), {k,n)) 
= {{oj,zuj{s)),{k,n)) 
= {lu, k){zu!{s), n) 

= uj{k — ns)z^ — {uj, k ~ ns){z, n) — {{u, z), (fc — ns, n)). 

Thus, {k,n)s = {k — ns,n) for all k,s £ K and n G Z. Therefore, Gf has the underlying set K x K x Z, with the 
following group operation; 

(s, k,n) Xf (s', k', n') = {s + s' , (fc, n)Ts{k' , n')) 

= (s + s', (fc, ri)(fc' — n's, n')) = (s + s', fc + fc' — n' s, n + n). 
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